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Mini math review: multidimensional 1td’s lemma

Let H : R x [0, 7] — R with continuous partial derivatives H,(z,1),
H,.(x,t), and Hy(z,t). Let dX; = g(t)dt + G(t)dZ;, where X, is a
d-dimensional process and Z; is an m-dimentional standard Wiener pro-
cess. Then Y; = H(X,,t) is an Itd process with stochastic differential

1
dY; = Hydt + H,dX + 2tr(GG’Hm)dt

where, for any symmetric matrix A, tr(A) denotes the trace, which is
the sum x; A;; of its diagonal elements.

Note: if H takes values in &%, we can apply the result elementwise.



What is the trace?

The trace tr(A) of the square matrix A is the sum of its diagonal el-
ements, ©; A;;. The trace equals the sum of the eigenvalues.! For
matrices A ¢ X j and B j x 1, then tr(AB) = tr(BA). For matrices C
ix 7, Djxk and Ekxi, tr(CDE) = tr(DEC) = tr(ECD). If
F and G both n x n, tr(F + G) = tr(F) + tr(G) and tr(F') = tr(F).
Also, if X isn x n, d(tr(X))/dX = I,x, and d(tr(AB))/dA = B'".

Tt is also useful to know that the determinant is the product of the eigenvalues.
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Multidimensional portfolio example

Consider an infinite-horizon portfolio problem with wealth dynamics
dw = rwdt +0'(u — r1)dt + T'dZ) — cdt
where @ isn x 1, ['isn x k, and Z is k x 1. Given

M, = /izoe_psu(cs)ds + e_ptV(wt),

we can compute

M

e Pt

1
E = (u(c) —pV +(rw+6(pn—1r1)—c)V, + 2tr(9’FF’9wa)) dt

0'T'T6 and V,,, are scalars, so the Bellman equation is
1
max (u(c) —pV 4+ (rw+6(pn—r1)—c)V, + QH’FF'HVW,> =0

Assume that I'T” is positive definite.
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Multidimensional portfolio example: continued

Therefore, the terms involving 6 are
!/ 1 / !/
(9 (,u — Tl)Vw + 2(9 FF evwwa

where I'l"” is the local covariance matrix of security returns. The first-
order condition for optimal @ is

(u—r1)V, +TT'0V,,,, =0

As before, u'(c) = V,, so ¢ = I(V,,), but now the optimal portfolio is

b =~ () = 1)

The optimization is locally a mean-variance problem.



An example with more state variables

Given wy and Sy,

choose adapted 6;, ¢;, and w; to

maximize E[/,~ e "u(c;)dt]

s.t. (Vt) (dwt — T(St)wtdt+(9£((,u(5t) — T(St)l)dt—l—F(St)dZt) — Ctdt—|—
y(Sy)dt — L(.S;)dt)

In this problem, fisn x 1, I"isnxk, Ziskx1, S ism X1, ais
mx 1, and b is m X k. However, ¢;, wy, y, and L are all scalar processes
with units of wealth. The state variables are w; and S;, and we have

M, = /St:o e " u(cy)ds + e "V (wy, Sy)



An example with more state variables: continued

E(dM,] Eldw] EldS
_ V4V,
eyl O Rl U e e
1 Q/F / / wa VwS
+2U(( b )(m’b>(VSw VSS))
Now,

0T\ v or ( Viw Vs \) . (0TI OTH\ (Vi Vius
tr(( b )(m’b)(v&u VSS))_tr(( or'g b/ )(sz VSS))

_ [ OTT0V, + 0TV Vs, 0TIV, + 6'T0 Vs
— N eV, b Ve,  BIVOVg + bb' Vs
= TV, + 20T Vi, + tr(bb' Vg),

(where we have used the fact that tr(bI'6V,,s) = tr(V,,sb1"0) = 0'TH' Vg,,).
Also,

Eldw]/dt =rw+60(u—1r1)—c+y— L.
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An example with more state variables: continued 2

Therefore we have

EldM;]
e~ Pldt

= ulc)—pV+(rw+0(u—rl)—c+y— L)V, + Via

1
+ Q(QTF/Qwa + 20TV Vg, + tr(bb/V55>>
and the Bellman equation is

0 = max(u(c) — pV + (rw+6(p—rl) —c+y— L)V, + Via

c,0

1
OOV + 20T Vs + ta(00'Vss)).

As before, u'(c) = V,, so ¢ = I(V,), but now the optimal portfolio is

V 1
0 = ——“(TT) Yy —r1) — —(TT) TV Vs,
(I (= L) = (T TV

ww ww



An example with more state variables: intepretation

w — 1 -
gt — _V<FF’) (= r1) = —(0T) 7' TH Vi,

wa ww

The first term is the same as in a model without .S and gives the optimal
trade-off between risk and return. The second term is a hedging term.
(TT")~ITY is the regression coefficient vector of changes of the state
variables on the asset returns. [f these regression coefficients are all
zero, then the asset returns cannot be used to hedge against the state
variables. The other part, Vs, /V,u, tells us to what extent changes in
wealth are substitutable for changes in the state variable. For example,
if they are perfectly substitutable, V(w, S) = v(w + o’S) and we have
that V,,,, = v” and Vs, = av” so Vs, /Viww = @, and we would like to
buy exposure of —a to S in the portfolio to undo the implicit exposure
in the value function. However, if they are not substitutable at all and
V(w,S) = wvi(w)+ vs(S), then Vs, /Viyw = 0/v1" = 0, and there is no
point hedging because changes in wealth are not at all substitutable for
changes in S and therefore no hedge is possible.

9



Asset pricing models

Some popular asset pricing models

« Capital Asset Pricing Model (CAPM): expected excess returns de-
pend on covariance with market returns

« Consumption Capital Asset Pricing Model (CCAPM): expected ex-
cess returns depend on covariance with changes in the marginal util-
ity of consumption

e Intertemporal Capital Asset Pricing Model (ICAPM): expected ex-
cess returns depend on covariance with market returns and covari-
ance with factors describing changes in future investment opportu-
nities

« Arbitrage Pricing Theory (APT): expected excess returns depend on
covariance with common factors in stock returns

Roughly speaking, these are ordered from least general to most general.
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Capital Asset Pricing Model (CAPM)

The CAPM is the most popular workhorse investment model in practice,
and is probably the simplest to explain to people who are not quants.
Even if you are using a more sophisticated model, | suggest linking your
analysis to the CAPM for communications purposes. We think of having
agents ¢ = 1,...,(). From the model without state variables, we can
write the first-order condition for optimal portfolio choice as

e /Vq(,u —rl) =TT"9%.

w

Summing across agents ¢ and dividing by (), we have

L L ! i q
(cﬁ —mm) p—rl) =TT (Q T’ ) ’

where (1/Q)) =, 07 is the per capita average risky portfolio.
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Capital Asset Pricing Model (CAPM): continued

or

w1 = (/@S /(-Va Vi) 1T (v

so expected excess return is proportional to covariance with the average
portfolio times the harmonic mean absolute risk aversion. Writing the
market portfolio of risky assets as 0" = x,607/=,1'07 and the vector of
betas ' = (0™'TT'0™)~10™'TT", the vector of excess returns is propor-
tional to (3, and because the market portfolio is weighted combination
of the portfolios and the market's beta with respect to itself is 1, the
constant of proportionality is the excess return on the market:

p—rl=p0"(n—rl)),

since the market’s beta is 30" = (0™'TT'0™) 10" TT'0™ = 1.
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Consumption Capital Asset Pricing Model (CCAPM)

The CCAPM says that excess returns equal covariance of returns with
proportional changes in the marginal utility of consumption u/(c) = V,.
Applying 1to's lemma to V,,(wy, S¢) in the model with state variables
and focusing on the random terms, we have that

dU/<C> = dVg(QUt, St> = ()dt + Vgsbdzt + waﬁq/FdZt
= (..)dt + VishdZ,

(IT) Y —r1) (IT)'THVE,\
q _
Y ( Vg,V ve, )

w

And therefore

/ q
cov (FdZ, du <C>) - (rb’VwS) dt — TT(IT) " (u — 1)

u’(c) V.4
/ Nn—1 b/‘lgsdt
_|‘|‘<|‘|‘> B 761

w

— _(:u _ Tl)dta
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Consumption Capital Asset Pricing Model (CCAPM)

1 du'(c)
— 1 = ——cov|Tdz
w—r dtcov( o) )

and because du'(c)/u'(c) = (...)dt + (u"(c)/u'(c))dc/c, we have that

1 1 dc
—rl = cov [['dZ, )

g —cu"(c)/u'(c)dt ( c
We derived this at the individual level, and there are different paths for
extending it to the level of aggregate consumption. One is to restrict to

the problem without state variables and assuming identical agents with
log or power utility and different levels of wealth.

This theory is simple and appealing, but actually it doesn’'t work at all
empirically. There are some desperate attempts to save it (e.g. long-
term risk), but | don't recommend them.
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Intertemporal Capital Asset Pricing Model (ICAPM)

The ICAPM says that in addition to the market, there could be pricing of
changes in future investment opportunities. From the model with state
variables, we can write the first-order condition for optimal portfolio
choice as

: ( —rl):FF’QquFb’VSqw
—vg, Ve Vs

ww

Summing across agents ¢ and dividing by (), we have

ZC]<1/<_Vzgw/vzg)><M o ’I“].) _ Fl—wlzq@ + N ( 1 ngw)

Q Q

Q7 Vy,

or

=1 = (/@ 0/ Ve ) e e e ),

so that excess returns depend on covariance with the market (as in the
CAPM) and covariances with the state variables.
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Arbitrage Pricing Theory (APT)

The APT, motivated by absence of arbitrage, says that systemic risk
that is common across assets can priced and idiosyncratic risk is not.
This is the best model for thinking about the factor models (starting

with Chen, Roll, and Ross (1986)* and Fama and French (1992)?). In
the APT, asset returns are assumed to follow a K-factor model

udt + (B|D)dZ,

where B is an N x K matrix of loadings on the common factors (the
first K elements of dZ;), and D is an N x N matrix giving the standard
deviations of the error terms (the idiosyncratic noise). The APT says
that the factor exposures are priced, but not the idiosyncratic noise:

:LL—T]-:B/%

where v K X 1 is the vector of factor premia. The APT is the foundation

of the popular factor investing models.

2Chen, Nai-Fu; Roll, Richard; Ross, Stephen A.; Journal of Business, July 1986, v. 59, iss. 3, pp. 383-403
3Fama, Eugene F.; French, Kenneth R.; Journal of Finance, June 1992, v. 47, iss. 2, pp. 427-65

16



